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£^ \ Abstract. Motivated by the Schwartz space of tempered distri- 

butions and the Kondratiev space of stochastic distributions 
5_i we define a wide family of nuclear spaces which are increas- 
ing unions of (duals of) Hilbert spaces M'^p € N, with decreasing 
norms || ■ || p . The elements of these spaces are functions on a free 
commutative monoid. We characterize those rings in this family 
which satisfy an inequality of the form ||/og|| p < A{jp— ?)||/||g||sf||p 
' for all p > q + d, where o denotes the convolution in the monoid, 

A(j> — q) is a strictly positive number and d is a fixed natural num- 
ber (in this case we obtain commutative topological rings). Such 
an inequality holds in <S_i, but not in . We give an example of 
such a ring which contains . We characterize invertible elements 
in these rings and present applications to linear system theory. 
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1. Introduction 

As is well known, the Schwartz space 5?' of complex tempered distri- 
butions can be viewed as the space of sequences of complex numbers 
/ = (/n)neNo subject to 

^2 ( n + !) ~ 2p \fn\ 2 < °o for some p G N. 

neNo 

Setting 



P = (£(n+i)-W) 

\neNo / 



1/2 

< OO, 



one can represent 5?' as a union of an increasing sequence of Hilbert 
spaces J^', Mill • • -°f complex sequences, with decreasing norms: 

(1-1) •*? = {f = (f n )nen : ||/||,<oo}. 

In Hida's white noise space theory, a counterpart of was introduced 
by Kondratiev, see [18] and the references therein, in the following way. 
We begin with a definition: 

Definition 1.1. I denotes the set of sequences of elements of No, in- 
dexed by N, 

(ax,a 2 , . . •) 

where otj ^ for at most a finite number of indices. 

The stochastic counterpart of 5?' is the space <S_i of families of complex 
numbers / = (f a )aee indexed by £ and such that 

|/a| 2 (2ffr ap < oo for some p G N. 

In the above expression, one sets 

(2N) Q = 2 ai 4 a2 6 a3 ■ ■ ■ 

We here set 

. 1/2 

;i-2) ii/iip = ii(/a) a6 *iip= (Ei^i 2 ( 2N ) _a/ 



and denote 



*l = if = (faUf. ||/L<00}. 

In a way similar to , the space S-\ is the union of the increasing 
sequence of Hilbert spaces J^',J^',.-- with decreasing norms (11. 2p . 
The elements of S-\ are called stochastic distributions and play an 
important role in stochastic partial differential equations, see [18J. We 
also refer to the papers [21 SJ where <S_i is used to develop a new 
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approach to linear stochastic systems. Recall that the convolution of 
two elements of <S_i, / = (f a )aei and g = {g a )ae£i (which is called the 
Wick product and denoted by o) is defined by 



fog = 




and satisfies the inequality 

(1.3) \\fog\\ p < A(p - q)\\f\\ q \\g\\p> for all p > g + 2, 
where 

A(p- q ) = (j2( m y {p ~ q)a ) 

\aee J 

is finite. This inequality is due to Vage, see [25], [TS]. It expresses in 
particular that the multiplication operator 

g ^ fog 

is bounded from the Hilbert space into itself where / G Jf ' and 
p > q + 2. It plays a key role in the applications mentioned above. 

In view of (II. 3p it is a natural question to ask if a similar inequal- 
ity holds in 5?' . Here lies an important structural difference between 
5f" and <S_i. If / = (/„)„eN and g = (g n ) neNo belong to their 
convolution which is defined by 



f*9 = 




also belongs to y. Nevertheless, as will be proved in the sequel (see 
Corollary 16. ip . one cannot have an inequality of the kind f l 1 . 3 D . that is: 

(1.4) 11/ * g\\ p < B(p - q)\\f\\ q \\g\\ P , for all p > q + d, 

where d G N is preassigned, B(p — q) > is a constant which depends 
only on p — q in N, and where / runs through J4? q ' and g runs through 
J#%. Since such an inequality does not hold, the origin of the present 
study was to find nuclear spaces containing 5?' such that an appropri- 
ate inequality of the type (11.31) holds for the convolution. 

More generally, in the present paper we define a wide family of nuclear 
spaces in terms of families of positive numbers, and give a characteriza- 
tion of those in which an inequality of the type (jl.3p holds. Since such 
an inequality was first proved by Vage (in the setting of the Kondratiev 
space of stochastic distributions) we call these spaces Vage spaces. We 



4 



DANIEL ALPAY AND GUY SALOMON 



show that these spaces are in particular topological rings, and give 
a characterization of their invertible elements. We then consider the 
tensor product of two Vage spaces, and show that it is a Vage space too. 

The Schwartz space of tempered distributions S?' is not a Vage space. 
We define a Vage space, containing . This space is the dual of a 
space which is included in the Schwartz space of test functions J^, 
consists of entire functions, and is invariant under the Fourier trans- 
form. One can thus define the Fourier transform on its dual, and study, 
as suggested to us by Palle Jorgensen, connections with the theory of 
hyperfunctions (see [8] for the latter). This will be done in another 
publication. We present some important properties of this space, and 
characterize it both in terms of sequences and in terms of entire func- 
tions. 

The paper consists of seven sections besides the introduction, and we 
now describe its content. A family of spaces of sequences which includes 
the space =5^', and which we call regular admissible spaces, is introduced 
in Section |2J In Section [3] we characterize regular admissible spaces 
in which convolution satisfies an inequality of the type (jl.3p . We also 
prove that these spaces are topological rings, which we call Vage spaces. 
Invertible elements in these rings are characterized in Section HI In 
Section [5] we prove that the tensor product of two Vage spaces is a Vage 
space. The last three sections are devoted to examples and applications. 
In Section [6] we define a Vage space which contains . Some results 
of E. Hille on Hermite series play an important role in the arguments. 
In Section [7] we consider the Kondratiev space. Finally, applications to 
linear system theory are outlined in Section [SJ 



2. A NEW FAMILY OF NUCLEAR SPACES AND GELFAND TRIPLES 

In this section we introduce a family of nuclear spaces of sequences 
which we use in the sequel. We begin with a definition and a prelim- 
inary result on sequences of numbers. Let A be a subset of N. We 
denote 
(2.1) 

£a = \ « n e n : a n G No, a n ^ Ofor at most finitely manyn 
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where, for n G N, we have denoted by e n the sequence with all elements 
equal to 0, at exception of the n-th one, equal to 1. For two elements 

neA n£A 

in £ A , we define a + (3 = X^nGA( a « + Pn) e n- 111 other words, (£a, +, 0) 
is the free commutative monoid generated by the countable (or finite) 
set {e n } n£ A- Moreover, we consider the following partial order induced 
by the addition above: For a, (3 G £a, we define a < /3 if there exists 
7 G £a such that a + 7 = j3. 

Definition 2.1. Let A be a subset ofN, and let £a be defined by (12. ip . 
The family of strictly positive numbers (a a ) ae e A is admissible if ao = 1 
and a £n > 1 for all neA. 

Let d G N. The admissible sequence is called d-regular (or simply 
regular) if furthermore 

(2-2) ^^TT<- 

It is superexponential (resp. exponential) if 

(2.3) a a a/3 < a a+j 3 (resp. a a a^ = a a+ p) Va,[3££A- 

Two examples of exponential regular admissible families of positive 
numbers are as follows: 

(a) The set A has cardinal one. Then, £a = No- We take a n = a n with 
a > 1. 

(b) We set A = N. Then, £ A = £, where £ is as in Definition [QJ We 
take 

(2.4) a a = (2N)° = 2 ai 4 Q2 6° 3 • • • , a G L 

As mentioned in the introduction, this last example occurs in Hida's 
white noise space theory, in the definition of spaces of stochastic dis- 
tributions. 

Proposition 2.2. Let (a a ) a& e A be a superexponential d-regular admis- 
sible family of strictly positive numbers. Then, 

a££ A 

Furthermore, if (a a ) ae £ A is exponential rather than superexponential 
then d-regularity is also necessary for the family (a~ d ) a( z£ A to be sum- 
mable. 
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Proof. We first prove the theorem for the case d = 1. It follows from 
(12. 3p that for every a 6 £a, 

II <: ^ a «- 

Therefore, 



en 



OO 

On 



n e 

neA a„=0 



neA 

n( i+ ^i) <o ° 

neA V fle ™ V 

If a Q a^ = a a+/ 3, then Va G Ea, YlneA a e n = a a- Therefore, 



a£A neA 

which converges if and only if X] ngA - 1 _ 1 < oo. In case d > 1, we take 
instead of a a . □ 

When A = N and a Q is given by ( 12.4ft we obtain as a corollary a result 
of Zhang, proved in 1992, see [51] . [IS] . Zhang's proof uses Abel's 
convergence test. The result itself is necessary in order to present some 
important properties of Kondratiev spaces of stochastic test functions 
and stochastic distributions. 

Corollary 2.3 (Zhang 131]). Let d E N. E Q e^( 2N ) _dQ < 00 l f and 
only if d > 1 . 

Proof. We take i A = L Thus 

V(2N)- da < oo ^ V — -4 < oo, 

a££ neN v 7 

which is true if and only if d > 1. □ 

The spaces S^" and 5_i are strong dual of Frechet spaces. Namely, 5?' 
is the strong dual of the Schwartz space of Hermite series 

oo 

(2.5) /W = J]M„(4 

n=0 
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where (£ n )neN denote the Hermite functions, and the coefficients f n 
are complex numbers, and such that 

(n + l) 2p \fn\ 2 < oo for all p G N, 

neNo 

and iS_i is the dual of the Kondratiev space Si of stochastic test func- 
tions which can be seen as families of complex numbers (f a )aee indexed 
by i and such that 

{a\) 2 (2N) ap \f a \ 2 < oo for all p G N. 

The triples (Y, L 2 (R, dx),S") and (S u W, where W denotes the 
white noise space, are Gelfand triples. We now define a wide fam- 
ily of nuclear topological vector spaces, which includes S?' and «S_i, 
and which is closed under tensor products, as dual of certain Frechet 
spaces. These spaces are built from two families of strictly positive 
numbers (a a ) ae i A and (b a ) ae g A . We define the Hilbert space of se- 
quences (Ca)a££ A °f complex numbers 

(2.6) n b = I (Za) a ee A ■ ^ \Q 2 b a < oo 

I aee A 
and the countably normed space 

(2.7) & atb = I (<p a ) aetA : J2 M 2 b 2 a a p a < oo for all p G N 

I a&i A 

Theorem 2.4. 



(a) The space ^ a ,b endowed with the topology defined by the norms 

\\i}Pa)aGt A f = \^\ 2 b 2 a a P a , p= 1,2,... 

ael A 

is a Frechet space. 

(b) Assume that for all p G N, a p a b a > 1, for all but finitely many a. 
Then, T a ,b is continuously included in %b- 

(c) The space ,^ a ^ is nuclear if and only if for every p G N there exists 
q > p such that 

(2.8) Yl < 

Proof. 



(<t-p) 



< oo 
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(a) For p G N we set ^ a ,b, P to be the set of sequences £ = (£ Q ) ag £ A such 
that 

u\\k, b , P = E &i 2 *x < - 

Thus ^ a , 6 = 0*1^- 

We first note that the norms are non decreasing and compatible 
(i.e. every sequence which is a Cauchy sequence with respect to 
the two norms and converges to zero with respect to one of them, 
converges to zero also with respect to the second). 

(b) We have 

IK&WA = E i&i 26 « ^ E = iK&WJk*,- 

(c) Defining <5 a = (5 aj p)p e i A such that 5 a>( g = if a ^ (3 and 8 a ^ = 1 
if a — f3, it is clear that {5 a a a P ^ 2 b a ) a& i A is an orthonormal base 
for J^Ap- Now > &a,b = flpeN ^"o,6,p is nuclear if and only if for 
every p G N there exists q > p such that the natural embedding 
<• : ^a,b, q —> <^a,b,p is Hilbert-Schmidt. The equality 

= E n*(w /2 6«)ii; 

= E a « (ff " p) ii 4 (w /2 6a)ii;=E a « (ff " p) 

yields the requested result. 

□ 

Corollary 2.5. ^4 sufficient condition for the space to be nuclear 
is that 

E a « d < 00 

/or some d£N. 

Definition 2.6. Le£ (a a ) a£ £ A fre a d-regular admissible family of posi- 
tive numbers. Let (b a ) ae £ A such that for allp G N, aP a b a > 1, for all but 
finitely many a. The space &' ah is called a d-regular admissible space. 
The space is called regular admissible if it is d-regular admissible for 
some d G N. 
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We denote by &' a b the dual of ^ a ,b, P - Then 

and the dual space &' a b is the union of the increasing sequence of the 
spaces ^a Ap , i.e., 

^'a,b — [J ^p- 

See [TT] . Since a Frechet space is nuclear if and only if its strong dual 
is nuclear, &' a b is also nuclear. 

Proposition 2.7. &' ab can be viewed as 

< (fa)aee A '■ E l^| 2fl a P < 00 f or some P e N \ ■ 

Proof. Let / G ^ 6 . it follows from Riesz's representation theorem 
that there exists ip — (i>a) &a,b,p with U^H^ 6p — 11/11^ b an d suc h 
that 

/(•) = (•^).^, 6 ,p- 
Thus, for every ip = (ip a ) <G & a ,bj> 

f(<p) = {^^)^ a , b , p = E f^b 2 a a p a . 
Setting f a = %fj a b a a a1 we have 

E = E \^ h l< - 

Moreover, for any (f a ) subjects to Y, a ai A \f»\ 2a a P < 00 



L," 11/11 ,, • 



Uo) >-»■ I {<p«) >-»■ E ) 



maps (f a ) to a continuous linear functional over & a $, P , and any com- 
position of this mapping with / \-t (f a ), which was described before, 
yields the appropriate identity Hence, 



< (/a)ae^ : E l^| 2fl « P < 00 f • 

I ae£ A J 



Thus, &' a b can be viewed as 



I (fa)aee A ■ E l^ Q | 2a a P < 00 for SOme P ^ N > . 
I aal A J 
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□ 

We note that the inner product (-,-)n b coincides with the antilinear 
duality (-, •) ^ a b , whenever it makes sense. Considering the inclusion 
of dual spaces 7i' b in J^ 6 , using Riesz theorem we have that, 

It is clear that the second inclusion is also continuous, since 

||(£a)ae^j|j^ j6)p = ^ l£a| 2 «a P < ^ l^*^ = II (£a)aei A \\u h - 

Proposition 2.8. (^ a ,b, 7~t-b, &) ^ s a Gelfand triple. 

3. VAGE SPACES - A NEW FAMILY OF TOPOLOGICAL RINGS 

Definition 13.11 below reduces to the convolution and the product in- 
troduced by Hida and Ikeda, see [H], respectively in the special cases 
mentioned after Definition 12.11 Following Hida and Ikeda, we will also 
call Wick product the product (13. ip . 

Definition 3.1. Let AcN and define l& by (12. ip . The Wick product 
fog of two families of complex numbers f = (f a )aee A and g = (gp)pei A 
is defined by 




The proof of the following proposition is straightforward and will be 
omitted. 

Proposition 3.2. Let f,g and h be in C f ' A . Then, it holds that: 

(a) fog = gof- 

(b) {fog)oh = fo(goh). 

(c) f o {g + h) = f o g + / o h. 

Recall that we introduced regular admissible spaces in Definition 12.61 

Definition 3.3. A regular admissible space h = U^Li ^L,b,p ^ s ca ^ e d 
a Vdge space if there is e G N such that for every p G N and for every 
p > q + e 

\\f«g\\ P < A{p-q)\\f\\ g \\g\\p 
for all f G ^a,b,q an d 9 e '^a,b, P > whereas A(p — q) is a finite positive 
number. 
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When ^ a fj is a Vage space, we call the minimal e with this property 
the index of the space. 

Theorem 3.4. A d-regular admissible space &' ab is a Vage space if 
and only if 

a a ap < a a+/3 , Va,/3 G £ A , 
i.e., (a a ) a ££ A is superexponential. Its index is then less or equal to d. 

Proof. We follow the argument in [18, p. 118]. First we assume that 
for all a, (3 G £ A , a a a/3 < a a+ p. Since &' a b is a regular admissible space, 
ao = 1, a en > 1 for all n G A, and ^2 neA d l _ Y < oo for some d G N. 



Therefore by Proposition E2] we obtain J2 a ei A a a P q < J2 a el A 

a~ d < 

oo. We denote 



A(p-q)=l E 



-(p-q) 



\a&t A 



Now, supposed that / = (f a )aee A G ^' aM and g = {gp)^ A e ^o,6,p, 
for some p> q + d. Then, 



7^A 



■p/2 



o<7 



< 



E £ l/a|a a p/2 |^ 7 - a |a 7 



-P/2 



7S^A \o<7 



< 



< 



< 



E ( E l/°l a a P/2 |/ a 'l«/ /2 |^7-«l a 7-« l^7- Q 'l a 7 -5 ) 
76^A \a,a'<7 / 

E 1^1^ 



l/a'IV E 
7>a,a' 



a|^7— a |f?7— a' 1^7— a' 



£ i W 2 



E l^l 2 °/ : 

v/?e^A 



E 1^1 



-(p-9) 



5> 

V/?6^A 



v/3e^A 



V 



Thus, ^ 6 is a Vage space of index which is less than or equal to d. 
On the other direction, assuming that &' ah is a Vage space of index e. 
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Let q be a natural number and p = q + e. Then, 

||<W/8||p = ll^aO^llp < A(P - <l)\\^a\\q\\S^\\p. 

Therefore, a~+g < A(e)a~ p a^ 9 . Then, A(e)~ 1 ^ p a a a q J p < a a+ p. Thus, 
we obtain a a ap < a a+ p as p goes to infinity. □ 

Corollary 3.5. A Vdge space is nuclear. 

Proof. If h is a Vage space then Yl a &e A a~ d < oo. Applying Corol- 
lary 12.51 <&a,b is nuclear. However, since it is a Frechet space, &' a b is 
also nuclear. □ 

We now show that the Wick product is continuous in the strong topol- 
ogy- 
Proposition 3.6. Let (fx) be a net in &' a b . Then fx—tfin the strong 
topology if and only if there exists p G N such that f\,fE ^a,b, P an d 
fx-* f in the strong topology of &' abp . 

Proof. Suppose fx — > f in the strong topology of &' a b . In particular, 
{fx}\eA U {/} is strongly bounded. Therefore, there exists p G N 
such that {/a}aga U {/} C &' abp (see PH §5.3 p. 45]). Let B be a 
bounded set in JP a ,b, P , then B n & a f, is a dense subset of B. Therefore, 
sup^ ei? \h(<p)-f(<p)\ = sup^ eBn#a () \f x ((p) ->• 0. Thus, fx t f 

in the strong topology of <^' a ,b, P - The opposite direction is clear. □ 

Theorem 3.7. Let &' ab be a Vdge space. Then the Wick product is a 
continuous function b x &' a b — \ &' a b in the strong topology. 

Proof. Assuming ((fx, gx))xeA is a net which converges to (/, g) in the 
strong topology of &' a b x &' a b , then in particular, fx ^ f and gx —> g 
in the strong topology of &' a b . According to Proposition 13.61 there 
exist p, q G N such that fx, f G &' a h q and g x , g G ^' a bp where f\-+ f 
in the strong topology of ^ 6 and gx — > g in the strong topology of 
&' a b,p' We ma y assume that p > q + d. Since &' a b is a Vage space, 
f<>9\, f<>9 e ^a,&,P' and o : ^o,6, g x ^a,6 iP ~+ ^a,6, P is continuous. Since 
(fx, gx) -> (/, #) in the strong topology of ^ 6(Z x )b / a O£ A -> /o# 
in the strong topology of <^' a ,b,p- Again, using Proposition 13.61 we have 
that fx o gx — > f o <7 in the strong topology of Thus the Wick 

product is strongly continuous. □ 

In conclusion, (<^' ab ,+,o) is a commutative topological ring. We will 
denote it by 1Z. 
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We do not know if the Wick product is continuous in the weak topology. 
We end this section with the weak topology analogue of Proposition 



Proposition 3.8. Let (fx) be a net in &' ah . Then fx—tfin the weak 
topology if and only if there exists p G N such that f\,fE ^a,b,p an< ^ 
f\-tf in the weak topology of &' abp . 

Proof. Suppose f\—>fia the weak topology .In particular, {fx} U 
{/} is weakly bounded, and thus strongly bounded (see [TT], p. 48]). 
Therefore, there exists peN such that {fx} U {/} C ^' abp - Moreover, 
f\~*f pointwise on a dense subset of ^ a ,b, P , that is & a ,b- Let e > 
and (p G ^ a ,b, P - We may choose if) G ^ a ,b such that — if>\\ p < 
2(ll/ll+sup A ||/ A ||) > and A o e A such that for all A > A , \f\(ifj) - f(tp)\ < \ ■ 
Therefore, 

MM - Kv>)\ < \fM - W)\ + IA(V0 - fW\ + - m\ 
<(IIMI + II/II)I^-^II + I/aW-/WI 

e e 

<- + - = £. 

2 2 

Thus fx — > f in the weak topology of ^' abp - The opposite direction is 
clear. □ 



4. Invertible elements and power series 

Definition 4.1. Let f = (f a )a£t A ^ Then, f G C is called the 
generalized expectation of f and is denoted by E[f\. 

From this definition we have that 

E[fog] = E[f]E[g], V/^Gft. 

We note that E : 1Z — > C is a homomorphism which maps to lc- In 
the sequel, we will see it is the only homomorphism with this property 
(see Proposition 14. 7p . 

Proposition 4.2. Let M be a positive number. Then, for any f G 1Z 
such that E[f] = there is q G N such that \\f\\ q < M. 

Proof. Let / = (f a ) G ^' a bp with /„ = 0. Since a £n > 1 for n = 1, 2, . . ., 
we have 

a a = Y[ <: > 1 f o r all a ^ (0, 0, . . .). 

Therefore, for all a G I a lim^oo \f a \ 2( ^~ q = (recall f = 0) and for 
all q > p, \f a \ 2 a- q < \f a \ 2 a- p , whereas Y. a ^ A \fc\ 2 a~ p = \\f\\ 2 p < oo. 
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Thus, the dominated convergence theorem implies 

lim \\f\\ 2 q = lim \f*\ V = E lim I/«IV = °" 



□ 



Definition 4.3. T7ie n-t/i Wick power f on of f is defined inductively 
as follows: 

' 1 ifn = 

f o /♦(*-!) i/ n > 



r 



Proposition 4.4. Let 1Z be a Vdge space of index d and let f be 
in &' ahp . Then Wn G N, f™ G ^ fep+rf . Moreover, ||r™|| p+rf < 

A(dr\\f\\;- 

Proof Obviously, / o0 = 1 G &' aAp+d , and ||/*°|| p+(i = A(d) \\f\\° p . 

By induction, if we assume G 7?., we get f°( n+1 ) = fo f 0n e and 

||/^ +1 )|| p+d =||/o/-|| p+d 

<^(d)ll/llpll/° B ||p+- 

< A(dr\\f\\; +1 < 00 

□ 

More generally, given a polynomial p(^) = J2n=oPn zU (Pn G C), we 
define its Wick version 

p" :TZ^n 

by 

iV 

?*(/) = Z^r* 

n=0 

By Proposition |4.4| we have that p°(f) G 1Z for f £ 7Z. The following 
proposition considers the case of power series. 

Proposition 4.5. Let (p(z) = XlneN §nZ n be a power series (with com- 
plex coefficients) which converges absolutely in the open disk with ra- 
dius R. Then for any f G 1Z such that \E[f}\ < , cjf(f) = 

Proof. Applying Proposition I4.2I there exists q such that ||/ — E(f)\\ q < 
-^-\E[f}\. Therefore, 

R 



<\\f-E(f)l n \\ g +\E(f)\< 



A(d) 
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Then by Proposition 14.41 for all p > q + d, 

£i^iiinip<£i0»MO' 



\" ll 

neN neN 



J2\<t>n\(A(d)\\f\ur 



n€N 

< oo. 

Since & a ,b,q is a Hilbert space, <jf(f) = ]CneN ^nf™ G ^,6,?- Thus, 
W) G ft. " □ 

Proposition 4.6. The element f G TZ is invertible if and only if E[f] 
is invertible. 

Proof. If E[f] 7^ 0, we can assume that E[f] = 1. By the Proposition 
3] we have that £) n£N (l — f)° n G ft- Furthermore, 



VneN / 



1. 



Conversely, assume / invertible. Then there exists / 1 G ft such that 
/ o /- 1 = 1. Hence, i^iM/" 1 ] = E[f o f' 1 ] = 1. □ 

Proposition 4.7. Lei 71 be a Vdge space. Then the following proper- 
ties hold: 

(a) GL(TZ) is open. 

(b) The spectrum of f G TZ, o~(f) = {A G C : f—Xl-R. is not invertible } 
is the singleton {E[f]}. 

(c) E is unique as a homomorphism TZ — > C mapping In to lc- 

Proof. 



(a) By Proposition H21 we have that {/ G TZ : E[f] ^ 0} is the set of all 
invertible elements in TZ. In other words, GL(TZ) = E^ 1 (GL(C)). 
In particular, since E is continuous, GL(TZ) is open. 

(b) Clearly, / — Al^ does not have an inverse if and only if A = E(f). 

(c) Let if : TZ — > C be a homomorphism mapping 1^ to lc and let / G 
TZ. Since y> (/ - = 0, ip{f) G <r(/), that is <p(f) = E[f]. 

□ 

Using Proposition 14. 61 we can define rational functions with coefficients 
in TZ as in [I] and [2J Section 3]. 

Definition 4.8. A rational function with values in JZ nxm is an expres- 
sion of the form 

(4-1) R°(f)=p' > (fW(f)r 1 
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where pe (7£°[/]) 



nxm 



andO^qe TZ^f]. 



In Section [8] we discuss some problems in the theory of linear systems 
using rational functions with coefficients in 7Z. 

To conclude this section, we remark that one may consider classical 
interpolation problems (of the kind developed in [6]) in the present 
setting. For instance one can consider the following Nevanlinna-Pick 
interpolation problem: 

Problem 4.9. Given N e N and N pairs of points (g&i, bi), . . . , (ajv, &at) 
in 7Z 2 , find all power series <f> such that 



and such that, moreover, the function z i— > E{<p <> {z)) is analytic and 
contractive in the open unit disk. 

This problem, as well as more general interpolation problems, have 
been studied in [2] when 71 is the Kondratiev space <S_i. Two important 
tools used there, and which are still valid in the setting of Vage spaces 
are the permanence of algebraic identities (see [51 p. 456]) and the 
definition and properties of analytic functions with values in the dual 
of a countably normed Hilbert space. 



When one considers the tensor product E £g> F of two locally convex 
Hausdorff spaces E, F, some "natural" topologies may be considered. 
Two such topologies are the 7r-topology and the e-topology (see [T2] . 
[271 Chapter 43, p. 434]). These topologized tensor products of E and 
F are denoted respectively by E ®tt F and E ® e F. The completions 
of the tensor product of E and F with respect to the 7r-topology and 
the e-topology, will then be denoted by E^^F and E® e F respectively. 
However, when it comes to nuclear spaces, things are getting much 
easier. 

Theorem 5.1. Let E be a locally convex Hausdorff space. Then, E 
is nuclear if and only if for every locally convex Hausdorff space F , 
E® W F = E® t F. 

A proof can be found in [27J Theorem 50.1 p. 511]. Thanks to this last 
theorem, we simply denote 



4>°{a J ) = b j , j = l,...,N, 



5. Tensor product of Vage spaces 



E®F 



del. 



E®^F = E® e F 
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when one of the spaces E or F is nuclear. We also denote the usual 
tensor product of two Hilbert spaces E and F by E <S> F. We recall the 
following result of Grothendieck on tensor products, see [12] : 

Proposition 5.2. Let E be a complete locally convex space of func- 
tions defined on a set T , such that its topology is finer than the point- 
wise convergence topology, and assume E to be nuclear. Then for every 
complete locally convex space F, the tensor product E®F can be inter- 
preted as the space of all functions f : T — > F such that for all y' G F' , 
t ^ (y\ f(t))F',F is a function of E. 

Let (a a ) a( z £A , (b a ) a££A , (c a ) a&t > A and {d a ) a(il > A be four families of positive 
numbers, such that the associated countably Hilbert spaces & a ,b and 
d are nuclear. Recall the notation 



^a,b,p — \ (<Pa)a£i A 



■ E M 2 b 2 a a p a < oo \ 

adt A ) 



and 



and that & a>b = f] p&N & a> b, P and % 4 = f] qm % Aq . Since ^ a)b is a com- 
plete locally convex space of functions defined on the free commutative 
monoid £a, and since its topology is finer than the pointwise topology 
(that is since \tp aX - (p a \ 2 b 2 a a p a < ]C«e£ A ¥o\ 2 b 2 a a p a ), ^ a ,b®^c,d can 

be interpreted as the space of all elements of the form ipp, a such that 
for all / = (fp)pet B e {{f^P,*h> cd ,%, d ) a £i A e &a,b- 

Theorem 5.3. It holds that 

&a,b®%d = [}&a,b,p®%d,q- 

p,q 

Proof. Let (^ iQ ) G ^ a ,b®^c,d be a non-negative real sequence. Then 
for all / = {fp}p e e B G Sf c ' d , ({f,ipp,a)^ d ,%J a ee A e ^a,b- In particular, 

£ 

we may choose fp = c^ for any q G N. Therefore, 

2 



E E \^W b l< < E 

a&£ A pe£ B a£l A 



E c I^.« rf 

Ek( c I)>(^)) 



blal 



adl A 



2 

blal < oo 



Thus, (i[>p, a ) G f|p )g ^a,b,p®^c,d,q- In case (V&a) £ ^ a ,b®^c,d is an arbi- 
trary sequence, then applying the last inequality to positive real part, 
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negative real part, positive imaginary part and negative imaginary part 
yields the requested result. 

To prove the opposite direction, take (ipp >a ) £ f]„ q ^ a ,b,p®^c,d,q- Then 
for all / = (fp)/3ee B e ^c,d there exists q such that / G @c,d,q- Thus, 

2 



E fl&P,adp 

Pee B 

_£ £ 



m B 



2 

'4 

c,d,q 



\^ B 



Hence for all p G N, 

E |(/»(^))vc/^< < u/iis^, E E i^,.i 2 44^< < 00 

and so (^,«) e ^a,b®^ c ,d- 
Proposition 5.4. i£ ZioZds i/iai 

f)^a,b,P®^c,d,Q = f)^a,b,P®^c,d,P 



□ 



/-"/ 



Proof. One direction is clear. The other direction follows from the 
inclusion 



tj ^a,b,max{p,(/}®'^c,d,max{p,g} — ^a,b,p®^c,d,q 



Applying Theorem 15.31 and Proposition 15.41 ,we obtain: 
(5.1) 

&a,b®&c,d = P| < (VwO = E E IV>/9.a| 2 (d/96a) 2 (^ 



□ 



a„ < 00 > . 



peN 



Now, we can concatenate the indices in an obvious way. We define 
C = 2B U (2A - 1) (disjoint union), P B : C ^ B, P A : C ^ A 
the appropriate projections, g n = cp B ( 7 )Op A ( 7 ), /i 7 = rfp s (7)^(7), and 
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ip-y = , 0p s (7),Pa(7)- Therefore, we may write 

pen { j&e c J 

and 

Proposition 5.5. Let (a a ) a& £ A and (cp)p^e B be two admissible families 
of positive numbers. Then: 

(a) (g 7 ) 7g £ c (whereas C = 2B U (2 A — 1) and g 7 = cpbMO-Pam) is 
admissible. 

(b) If (a a ) a( zi A and (cp)p e t B are both d-regular, then (g 7 ) 7e £ c is also 
d-regular, and if (a a ) af z£ A and (cp)p^e B are both superexponential, then 
(g 7 ) 7g £ c is also superexponential. 

(c) If (b a ) a( z£ A and (dp)p £ £ B are two families of positive numbers such 
that for all p G N, a p a b a > 1 for all but finitely many a and c^dp > 1 
for all but finitely many (3, then for all peN, g^h^ > 1 for all but 
finitely many 7 (7i 7 = dp B ^)bp A ^)). 

Proof. (g a )aee c is admissible, since go = coOq = 1 and g en > 1 for all 
n G C. Moreover, 



^.J Q<i I 5^ qA -y c <2 _ 



and hence d-regularity of both (a a ) a ^ A and (cp)p(z£ B yields <i-regularity 
°f (9a)aee c - The rest of the proof is clear. □ 

Finally, we give the following theorem. 

Theorem 5.6. Let E, F be two Frechet spaces. If E is nuclear, we 
have the canonical isomorphism 

(E®F)' = E'®F' 

A proof, in case both E and F are nuclear, is given in [27J (50.19), p. 
525]. We can now state: 

Theorem 5.7. A tensor product of two Vdge spaces is also a Vdge 
space. 

Proof. Applying (15.11) . Proposition 15.51 and Theorem 13 A\ (^ a ,b^>^c,d)' 
is a Vage space. Theorem 15.61 yields the requested result. □ 
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6. An extension of the space of tempered distributions 

In this section we consider the special case Ia = No (i.e. A = {1}), and 

a n = (n + l) 2 , b n = I. 

The corresponding space JP a ^ (defined by (12. 7ft ) is identified with the 
Schwartz space 5? of rapidly decreasing smooth functions, and its dual 
is the space S^" of tempered distributions. We will show (see Proposi- 
tion 16.11 below) that 5?' is a regular admissible space, but it is not a 
Vage space. We will also construct a Vage space containing . 

We recall (see [231 Chapter IV, Section 2, p. 303], [261 P- 105]) that 
the Hermite polynomials h n (x) are defined by 

d n / \ 

(6.1) h n (x) = (-1)"^ — (e- 2 ) , n = 0,l,..., 

Various notations and conventions are given for these polynomials. See 
the discussion on the end of page 105 of [22]. In particular, the multi- 
plicative factor (—1)™ (which does not appear in Sansone's book [23] ) 
insures that the factor of x n in h n is positive. The Hermite functions 
£ n (x) are defined by 

(6.2) £ n (x) =n- l *(Tn\)-h 1 i x2 h n (x), n = 0,1,2,.... 

The Hermite functions (£ n )neN form an orthonormal basis of L 2 (IR, dx). 
The Schwartz space 5? of smooth rapidly decreasing functions on M is 
defined by 

y=Sf E C°°(R) : sup \x p f {q) (x)\ < oo for all p,qe N 1 

The Hermite functions are elements in the Schwartz space, and we have 
(see [211 Theorem V.13 p. 143]): 

y = \f= J2 l/n| 2 (n + l) 2p <oofor aJlpeNl. 

I neN neN J 

Identifying ]C neNo fn£n with (J„)neN allows to identify L 2 (M, dx) with 
U b and 3" with J^ jb . 

Proposition 6.1. 5P' is a regular admissible space which is nuclear, 
but is not a Vage space. 

Proof. First, we note that defining a n = (n + l) 2 implies that (a n ) ne N 
is a 1-regular admissible sequence. It is indeed admissible since a = 1 
and di = 4 > 1, and it is indeed 1-regular, since the sum in (12. 2p is 
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over the finite set A = {1} and in particular does converge. More- 
over, defining b n — 1 implies that for any p G N, a^b n > 1 for 
all n G No- Therefore, 5?' is a 1-regular admissible space. Since, 
XmeNo i( n + I) 2 ) 1 < oo, ,5^ is nuclear, and hence J7" is also nuclear 
(of course, the nuclearity of 5? and 5?' is a standard result; see for 
instance [27]) . Since (a„) ng N is not superexponential, that is 

(n + l) 2 (m + l) 2 ^ (n + m + l) 2 , 

y" is not a Vage space. □ 

We define the following subspace of 

{oo 
fntn ■■ Yl l^l 22 ^ < 00 for all P G N 
n=0 nGN 

Proposition 6.2. £f' is a Vage space containing the Schwartz space 
y of tempered distributions. 

Proof. Using the identification of ^2 n&% f n £,n with (f n ) n& %, and defin- 
ing a n = 2 n and b n — 1, we have that £f is the corresponding countably 
Hilbert space J^f, associated to the sequences (a n )„ e N and (b n ) ne ^ 
(and as before, L 2 (M, dx) is the corresponding Hilbert space "%,). Clearly, 
(on)neNo is a 1-regular admissible sequence. It is indeed admissible since 
a = 1 and a\ = 2 > 1, and it is indeed 1-regular, since the sum in 
(12.21) is over the finite set A = {1} and in particular does converge. 
Moreover, for any p G N, a^b n > 1 for all n G No- Therefore, C S' is a 
1-regular admissible space. Since (a n ) ne ^ is an exponential sequence, 
C S' is a Vage space and is in particular nuclear. Moreover, the natural 
embeddings *S C «y and J^' C are clearly continuous. Hence £f is a 
closed subspace of =5^, and is a closed subspace of Sf'. □ 

Theorem 6.3. £f zs i/ie space o/ a// entire functions f(z) such that 
|/(z)| e!+ 2 - p ^- pt/ dxdy <oo forallpeN. 

In the proof we make use of two results of Hille. The first result appear 
in [TTt formula (1.3), p. 81] and [To"! Theorem 2.2 p. 885]. For the 
second formula, see [TO formula (2.1) p. 82] and [T51 pp. 439-440]. In 
that last paper one can also find a history of the formula. 

Theorem 6.4. (Hille, [TTJ^ The domain of absolute convergence of the 
series Yl™=o F n £,n{ z ) ^ s the strip S T = {z G C : |Im(z)| < t}, where 

t = — limsup(2n + l)~a log \F n \. 
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Theorem 6.5. (Hille, [T5] ) The series Y^=oiniu)^ n {y)s n converges 
for arbitrary complex values of u and v when \s\ < 1, and 

°° . , (l+a 2 )(u 2 + i; 2 )-48iiii 

Y J Uu)Uv)s n = >K~{l-s 2 )-e . 

n=0 

Furthermore, we make use of the easy following proposition. See j22j 
§6, p. 61]. The space JF a bears various names, and in particular is 
called the Fock space. 

Proposition 6.6. For all < a < 1, 

T a = |/ is entire : — J J \f (z)\ 2 e~ a ^ 2 dxdy < ooj 

is a Hilbert space with a reproducing kernel K a (z,w) = e awz . 

Proof of Theorem \6.3. Let p G N. For each / e Sf, / = Y^=ofntn 
whereas Y^=o \fn\ 2 2 np < oo for all p 6 N. In particular, lim^oo \f n \ 2 2 n - 
0. Therefore, for every n large enough, log |/ n | < —n log\/2. Thus, in 
the notations of Theorem 16.41 

t = — limsup(2n + log \f n \ > liminf (2n + l)~ 2 n log \/~2 = oo. 

n— >oo n— >oo 

Therefore, denoting by £f p the space of all functions / = Y^=o fnCn 
subject to Yl^Lo l/n| 2 2 np < oo, it is a Hilbert space of entire functions, 
and in particular, = flpeN^p * s a countably Hilbert space of entire 
functions. 

Now, since {£ n 2 ^ } neN is an orthonormal basis for W p , and denoting 
s = 2~ p , the reproducing kernel of the Hilbert space & p is given by 

oo oo 

G(z,w) = ^C(S2^ = Y,Uz)Uv)s n - 

n=0 n=0 



Applying Theorem 16.51 we have that 

j , (1 + 3 2 )(z 2 +~ 2 )-4szij7 

G(z,w) = 7T~2(1 - s 2 )~ 2 e 

1 9 1 1 + s 2 ,2 

Denoting r(z) = 7T _ 4 (l—s ) _ 4e 2 (!- s2 ) , considering the kernel K a ( z, w) 
e awz w [iiy n s associated Hilbert space T a for a = (see Proposition 
16. 61) . we have that 

G(z,w) = r(z)K a (z,w)r(w). 
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Therefore, the space £f p is equal to the space of functions of the form 
/ = rg, with g e J- a and norm 



\9\\T a - 



We note that for z = x + iy, 



l + s 2 2 2s 2 _ (1 + s 2 ){x 2 - j/ 2 ) _ 2s(x 2 + ?/ 2 ) 
2(1 -s 2 ) lM 1-s 2 ^ 1 1-s 2 1-s 2 

- 1_S -x 2 1 + 5 - 2 



l + s 1-s 1 



Thus, 

|r(z)|~ 2 = vM 1 - S 2)gl+fz 2 -T^f2/ 2 
2 l-p 



and, with = , =, 

' P ^(1-2-2?)' 



/is entire : ||/|| 2 p = K p JJ^ \f(z)\ 2 e^* dxdy < ooj , 

and in particular Sf = fl P eN% ^ s ^ ne s P ace °f an entire functions f(z) 
subject to 

9 l-2~ p „2 1+2~P 2 

|/(z)| ew-p i- 2 -p y dxdy < oo for all p G N. 

□ 

We note that there are functions in the Schwartz space 5? which have 
no analytic continuation to an entire function but only to a holomorphic 
function on some strip. For example, one may consider the function 

f(x) = z-^u*) e y 



It is indeed in the Schwartz space since ^ n eN e 2 ^ 2n+1 (n + l) 2p < oo 
for all p e N. However, 

t = — limsup(2n + log \F n \ = liminf(2n + l)~^(2n + 1)5 = 1. 

Furthermore, clearly there are functions in the Schwartz space which 
have no analytic continuation to any holomorphic function, e.g., func- 
tions with compact support. 

Remark 6.7. As mentioned in the introduction, connections with the 
theory of hyperfunctions will be considered elsewhere. 
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Remark 6.8. Having now C S' at hand, one can consider the tensor 
product C S' Cg) (S_i, where 5_i is the Kondratiev space of stochastic dis- 
tributions (see Section^. By Section^ it is a Vdge space, and can be 
an appropriate setting to study stochastic linear systems. This will be 
done in a future publication. 

Remark 6.9. // we define a = 1 and for n > a n = 2 2 ", then 
( a n)neN is again a 1-regular admissible sequence. Defining b n = 1, the 
associated countably Hilbert space ^ a ,b is a space of entire function. 
Moreover, since the sequence (a n ) n£ N is superexponential its dual is 
clearly a Vdge space. We can define other Vdge spaces in a similar 
manner. 

7. The Kondratiev spaces 

In this section we consider the special case £a = I (i.e. A = N), and 

a a = (2N) a , b a = a\. 

Then the corresponding space (defined by (12.71) ) is identified with 
the Kondratiev space of Gaussian test functions Si, and its dual is the 
Kondratiev space of Gaussian stochastic distributions We will 

show (see Proposition 16.11 below) that <S_i is a Vage space. We also 
consider the Kondratiev space of Poissonian stochastic distributions, 
and show that it is also a Vage space. 

We first need to recall a few definitions pertaining to the white noise 

--IMP 

space. The function e 2 |m| L2(«><fa') is positive definite on the Schwartz 
space of real- valued functions J5^r, and continuous at the origin. The 
Bochner-Minlos theorem (see for instance [2H pp. 10-11]) insures the 
existence of a probability measure dfi on the Borel cr-algebra of the 
dual space J5^, such that 

e -h\M\l 2( », dx) = I ^(Md^f), 

where the brackets denote the duality between 5^ and J?^. This equal- 
ity induces an isometric map 

Q s , where Q s (f) = (f, s) 

from y R C L 2 (R, dx) into L 2 (j4, B, fj). 

The space W = L 2 (,^, B, /i) is called the Gaussian white noise space. 
We recall that the Hermite polynomial functionals (H a ) a( z£ 
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HJu) 



k=l 



where we recall that hk and denote respectively the Hermite function 
and the Hermite polynomials (see ( 16 .ip and ( 16. 2ft ). form an orthogonal 
basis of W. More precisely, 



\Y,f<* H ° : 12\f"\ 2a[<oo \- 



(7.1) W 
The Kondratiev space of Gaussian test function <Si is defined by 
S x = { f« H « ■ S l/a| 2 (2N) ap («!) 2 < oo for all p G N 



Therefore, defining a a = (2N) a and b a = a\ allows to identify <Si with 
the corresponding countably Hilbert space (see I2.7P and W and 
the corresponding Hilbert space Tib (see 12. 6p . We obtain a result of 
Vage, proved in 1996, see [28] and [T8J p. 118]. 



Proposition 7.1. TTie Kondratiev space of Gaussian stochastic distri- 
butions is a Vage space. 

Proof. We note that (a a ) ae e is a 2-regular admissible family of positive 
numbers. It is admissible since ao = (2n)° = 1 and a 6n = 2n > 1, 

< oo. Therefore, and since for 



and it is 2-regular since J]„eN (2n) 2 -i 
all p G N, a p a b a > 1 for all a G £, <S_i is a 2-regular admissible space. 
Since (a a ) a£ e is exponential, <S_i is a Vage space. □ 

Hida's theory can also be applied to Poisson processes. One then con- 
siders the function 



exp 



l)dx 



which is positive definite on J?r, and continuous at the origin. Here 
too, the Bochner-Minlos theorem insures the existence of a probability 
measure 7r on and such that 



exp 



— l)dx 



dn(f). 



■S TCP 



The Poissonian white noise space is W n = L 2 (y^, B, 7r), and admits 
a representation of the form (17. ip . replacing the Hermite polynomial 
functionals (H a ) ae t with the Charlier polynomial functionals (C a ) ae e, 
computed in terms of the Poisson- Charlier polynomials; see [TU p. 185]; 
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we refer to (26J, Chapter II, §2.81, p. 34-35] for the Poisson-Charlier 
polynomials. More precisely, 



The Kondratiev space of Poissonian test function is defined by 



Since the associated families of positive numbers (a a )aet and (b a ) a( z£ 
remains the same as before, we conclude the following proposition. 

Proposition 7.2. The Kondratiev space of Poissonian stochastic dis- 
tributions is a Vdge space. 

We refer to [19 j Theorem 3.7 p. 192] for another example of a space 
where Vage inequality holds in the setting of white noise space analysis. 



The results presented in [U [2] for the case of the Kondratiev space S-i 
of stochastic distributions extend to general Vage spaces. We refer to 
[HI QUI ED] for general background on the theory of linear systems when 
the coefficient space is C (we also refer to [1] for a survey), and to 
the papers [251 H3] and to the book [7] for more information on linear 
system on commutative rings, and in particular for the notions of con- 
trollable and observable pairs. These various notions are also reviewed 
in Hj. 

In this section, up to the concluding remarks, we omit the notation o, 
i.e., we simply write fg rather than fog, f n rather than / on , etc. We 
begin this section with the following proposition. 

Proposition 8.1. A matrix-valued rational function R(z) = p(z)(q(z))~ 
for which E(q(0)) ^ can be written as 



where A, B, C , and D are matrices of appropriate dimensions and with 
entries in the ring 1Z. 




S i = { Z faCa : Z l/«| 2 (2N)^(«!) 2 < oo for all p E N 





8. State space theory and Vage spaces 



(8.1) 



h{z) = D + zC(I - zA)- l B 



We note that one can compute the value of a rational function of the 
form (14. ip at every point / G 1Z such that E(q(f)) ^ 0. Let q(z) = 
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Em=o9m zm • Then, this last condition can be rewritten as 

M 



m=0 

Similarly, one can compute (18.1 1) at every / G 1Z such that (I — E(fA)) 
is invertible. 

The arguments in [H [2] are in the setting of power series (because one 
considers there the Hermite transform of the Kondratiev space rather 
than the Kondratiev space itself), and make use of derivatives. For 
the general case, when no power series are available, it is convenient to 
introduce the operators D n , n = 1, 2, . . . defined by 



D n (S a 




if a n > 
otherwise 



and by linear extension to any finite linear combination of such ele- 
ments. We have in particular D n (XY) = D n (X)Y + XD n (Y). 

As in [1] for <S_i, given a Vage space 1Z we define a rational function 
to be an expression of the form 

D + zC(I — zA)~ l B, 

where A, B,C and D are matrices of appropriate dimensions and with 
entries in 1Z. See Proposition 18.11 above. Before giving a sample result 
we recall that a pair (C, A) e hp xN x ji NxN [ s called observable if the 
map 

f^(Cf CAf CA 2 f •••) 

is injective from 1Z N into (1Z P ) N . See [7J §2.2 p. 58]. In [4J it is proved 
for S-i that an equivalent condition is: 

C(I - zA)~ x f = 0% N =►/ = ()£. 
The proof is the same for any Vage space. 

Theorem 8.2. Let h be a rational function with realization 

(8.2) h(z) = D + zC(I - zAY 1 B. 

If the realization E[h](z) = E[D] + zE[C](I - zElA^ElB] is observ- 
able, then the realization (18. 2p is observable. 
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Proof. We assume that A G TZ NxN . Let / = J2 a ee A f<* 5 « e nN be such 
that C(I — zAy 1 f = 0. We want to show that f a = for all a G I a- 
Since 

E[h)(z) = E[D] + zE[C](I - zE[A))- l E[B) 
is an observable realization, we have that E[C](I — 2;i?[y4]) _1 £'[/] = 
implies E[f] = 0, and thus fo = 0. Now, since 

D n (C(I - zAY l f) = D n (C){I - zA)-\f + CD n {(I - zA)- l )f+ 

+ C(I-zA)- 1 D n (f) 
= 0, 

and since E[f) = 0, we have that E[C](I - zEyA})- 1 E[D n (f)} = 0, and 
thus f en = 0. Furthermore, by a simple induction, since 

B?(C{I - zA)- 1 !) = U k D k n {f) + C(I - zA)- l D™(f) 

k<m 

for some and since D™(C(I — zA)~ l f) = we have that 

E[C}{I-zE[A})- l E[D^{f)} = ^ 

and therefore f men = 0. Thus, f a — for all a G £a such that a = 
(0,...,0,« n ,0...)- 

We may complete this proof as in [I]. □ 

In conclusion, Theorem E2] as well as Problem l4.9l (or more precisely, its 
solution presented in [2]) suggest that most of the classical linear system 
theory can be extended to our setting. This is important when one 
wants to take into account stochastic aspects of the theory. One such 
avenue consists of continuing the line of research initiated in [21 El H]- 
One then considers input-output systems of the form 

n 

Vn = h k O Un-fc, n = 0,l,... 
fc=0 

where the input sequence (w n )neNo an( ^ impulse response (h n ) ne ^ 
are in some Vage space. The choice of the given Vage space is done 
to express for instance that the system is stochastic (then one choses 
<S_x). When the sequences consist of complex numbers, the Wick prod- 
uct reduces to the product of complex numbers, and we are back in the 
classical theory. 

As already mentioned in Remark 16. 8[ another avenue is to define a sto- 
chastic linear system as a continuous mapping from the nuclear space 
£f (g) «S_i into its dual, to use Schwartz's kernel theorem and then to 
follow Zemanian's approach to linear systems. See [30] for the latter. 
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Since the dual of £f <g> <S_i is a Vage space, one can get more precise 
results than the ones in [5U] . 
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